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(capital asset pricing model: CAPM) “
“ state price













$p_{1}+p_{2}+\cdots+p_{S}=1$ , $p_{j}>0$ , $j=1,2,$ $\cdots,$ $S$
$\Omega$ $\mathcal{F}(\mathcal{F}=2^{\Omega})$ $(\Omega, \mathcal{F}, \{pj\})$ \Omega
$S$
( ) $N$
$i$ $(t=0)$ $q_{i}(q_{i}\geqq 0)$
$q=(\begin{array}{l}q_{1}q_{2}\vdots q_{N}\end{array})$
$R^{n}$ $x$
1. $x\geqq 0$ $x_{i}$ \supset \check $x_{i}\geqq 0$
2. $x>0$ $x\geqq 0$ $x\neq 0$
3. $x\gg 0$ $x_{i}$ $x_{i}>0$
$R$ $;=\{x\in R^{n}|x\geqq 0\}$ , $R$ $;+=\{x\in R^{n}|x\gg 0\}$
1 $(t=0)$ $(t=1)$
(state)
$j$ $i$ ( $t=1$
) $D_{ij}$ $D_{ij}<0$
(free disposal) $D_{ij}\geqq 0$ $D_{ij}$
(i, $N$ $S$ $D$ (devidend matrix)
state 1 state 2 state $S$
N21 $\{\begin{array}{llll} \prime D_{11} D_{12} D_{1S}D_{21} D_{22} D_{2S}\vdots \vdots \vdots D_{N1} D_{N2} D_{NS}\end{array}\}$ $=D$
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$\theta$ $\theta\in R^{N}$ $\theta$
$($ long position: $\theta_{i}>0)$ (short sale: $\theta_{j}<0$ ).
$\theta$ (market value) $\theta$ $q$
$(q\theta)=q_{I}\theta_{I}+q_{2}\theta_{2}+\cdots+q_{N}\theta_{N}$
state $\Omega$







(arbitrage) “free lunch” $\theta\in R^{N}$
1. $(q\theta)\leqq 0$ ${}^{t}D\theta>0$
2. $(q\theta)<0$ ${}^{t}D\theta\geqq 0$
“arbitrage ” “ “ “ “
( )






$\psi\in R^{S}$ state price
$\psi\gg 0$ $q=D\psi$
state price Key lemma Stiemke
Stiemke $A$ $(m, n)$
1. $Ax=0$ $x\gg 0$





1. $\forall\psi\gg 0$ $q=D\psi$ $(qD)$
No-Arbitrage
state price
2. state price $\psi$
1 $q=D\psi$ $S-rankD$ $\psi$
$S=rankD$ rankD $=S$ ( $N\geqq S$ )
(complete)
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9 $0$ 1 $t=0$ $(q\theta 0)$
sta,te price $\psi$ $q=D\psi$ 9 $0$
$(q\theta_{0})$






(risk-free rate) $t=0$ $\psi_{0}$
9 $0$ 1




$R_{0}$ ( ) $R_{0}-1=r$ ( )
$R_{0}$ $\psi_{0}$
(discount rate) $\theta$ $(q , \theta)\neq 0$





$q$ : $N$ , $D$ : $N$
- $(\tilde{q},\tilde{D})$ state price
$\psi\gg 0$ $\tilde{q}=\tilde{D}\psi$
-state price $\psi$ $q=D\psi$ $(qD)$
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$\Omega$ ( ) $S$ $x\in R^{S}$
( ) $E[x]$
$E[x]=p_{1}x_{1}+p_{2}x_{2}+\cdots+p_{S^{X}S}$
2 $xy\in R^{S}$ $x$ . $y$ x . 9
$x=(\begin{array}{l}x_{1}\vdots x_{S}\end{array}),$ $y=(\begin{array}{l}y_{1}\vdots y_{S}\end{array})$ $\Rightarrow$ $x\cdot y=(\begin{array}{l}x_{1}y_{1}\vdots x_{S}y_{S}\end{array})$
$R^{S}$ ( $p_{1},p_{2},$ $\cdots$ ,ps) $(*, *)_{p}$
$(xy)_{p}=p_{1}x_{1}y_{1}+p_{2}x_{2}y_{2}+\cdots+p_{S}x_{S}y_{S}(=E[x\cdot y])$






$var[x]\neq 0,$ $var[y]\neq 0$ $x$ $y$ (correlation coefficient) corr$(xy)$
$CO1^{\cdot}1^{\cdot}(Xy)=\frac{cov(x,y)}{\sqrt{va\iota[x]var[y]}}$
$-1\leqq corr(x y)\leqq 1$ $x-E[x]1$
$y-E[y]1$
135
R $N$ $\Omega$ $R^{S}$
$p$ - $(*, *)_{p}$ R $N$ $R^{S}$ ${}^{t}D=C$
$C={}^{t}D=(\begin{array}{lll}D_{11} D_{21} D_{N1}D_{12} D_{22} D_{N2}\vdots \vdots \vdots D_{1S} D_{2S} D_{NS}\end{array})$ . $R^{N}arrow R^{S}$
2 R $NRS$ $C$ (adjoint matrix) $c*$ $R^{S}$






$R^{S}$ $p$ - 2
$R^{S}=R(C)\oplus_{p}N(C^{*})$
$R(C)$ $=$ $\{C\theta |\theta\in R^{N} \}$ ( $C$ (range))
$N(C^{*})$ $=$ $\{c |C^{*}c=0 \}$ ( $C^{*}$ (null space))
“ “ $\forall c_{1}\in R(C),$ $\forall c_{2}\in N(C^{*})$ $(c_{1}, c_{2})_{p}=0$
$(qD)$ 2
(NA)
(RF) . $({}^{t}D\theta 0=1)$






$\psi\gg 0$ , $q=D\psi$ ( $\psi$ $=S-rankD$ )
state price $\psi$ $p$
$\frac{\psi_{j}}{pj}=\pi_{j}(j=1,2, \cdots, S)$ $i.e$ . $\psi=p$ . $\pi$
: $q=D(p. \pi)$
(DDM :dividend discount model)
$Dp$ $\pi$ state
$\pi$ state price deflator







[I] $E[\pi\cdot \mathcal{R}^{\theta}]=1$ for $\forall\theta\in R^{N}$ ; $(q, \theta)\neq 0$











state price deflator $\pi$ $\circ$
$\pi={}^{t}D\theta^{*}+\epsilon$ , $\epsilon\in N(C^{*})(\Leftrightarrow D(p\cdot\epsilon)=0)$
$\theta*$ state price
1. ${}^{t}D\theta*$ state price deflator
2 state price $\psi_{1},$ $\psi_{2}$ deflator $\pi_{1},$ $\pi_{2}$ $\psi_{1}=p$
$\pi_{1:}\psi_{2}=p\cdot\pi_{2}$ o $q=D\psi_{1}=D\psi_{2}$ $D(\psi 1^{-\psi_{2})=0}$
$i.e$ . $D(p\cdot(\pi 1^{-\pi_{2}))}=0$ $C^{*}(\pi_{1}-\pi_{2})=0$
$\pi 1,$ $\pi 2$ $\pi 1={}^{t}D\theta*1+\epsilon_{1}$ , $\pi 2={}^{t}D\theta$ $;+\epsilon_{2}$
$\pi_{1}-\pi_{2}=\eta((\eta\in N(C^{*}))$
$\pi_{1}=\pi_{2}+\eta={}^{t}D\theta_{2}^{*}+(\epsilon_{2}+\eta)$ , $\epsilon_{2}+\eta\in N(C^{*})$




state price $\theta$ * $(q\theta*)\neq 0$ ‘ $\mathcal{R}^{*}=\frac{{}^{t}D9^{*}}{(q,\theta^{*})}$
$(qD)$
state price deflator $\pi$ $\epsilon$ $D(p . \epsilon)=0$
$D$ $i$ $D_{i}=(D_{i1}, D_{i2}, \cdots, D_{iS})$ $i$ ( )
$D(p\cdot\epsilon)=0$ $E[D;\cdot\epsilon]=0(i=1,2, \cdots, N)$
2 . $\theta 0$
$E[\epsilon]=0$ , $cov(D_{i}, \epsilon)=0(i=1,2, \cdots , N)$
${}^{t}D\theta 0=1$ $\epsilon$ $(*, *)_{p}$ $E[\epsilon]=0$
. . $cov(D_{i}, \epsilon)=E[D_{i}\cdot\epsilon]-E[D_{i}]E[\epsilon]=0$ 1
2 ( $(NA)$ , (RF))
$cov({}^{t}D\theta\epsilon)=0$ for $\forall\theta\in R^{N}$
2. (state price $\theta$ * )
. $\theta_{0}({}^{t}D\theta_{0}=1)$














$E[\mathcal{R}^{\theta}]-R^{0}$ $=$ $-R^{0}(q\theta*)cov(\mathcal{R}^{\theta}, \mathcal{R}^{*})$




“ Bla,ck ( ([5]))
$q$ $q$
$\mathcal{R}^{\theta}$ $\Omega$ $D$
state price deflator $\pi$ state price $\theta^{*}$
state price (deflator $\pi$ )
Cauchy-Schwarz
$\mathcal{R}^{\theta}$ state price deflator $\pi$
corr $( \mathcal{R}^{\theta}, \pi)=\frac{cov(\mathcal{R}^{\theta},\pi)}{\sqrt{var[\mathcal{R}^{\theta}]var[\pi]}}$
140
$var[\mathcal{R}^{\theta}]\neq 0,$ $var[\pi]\neq 0$ .






$var[\mathcal{R}^{\theta}]\neq 0,$ $var[\pi]\neq 0$
$\mathcal{R}^{\theta}-E[\mathcal{R}^{\theta}]1$ ${}^{t}D\theta*-E[{}^{t}D\theta*]1$
$var[{}^{t}D\theta*]\neq 0$ ${}^{t}D\theta*$ 1
${}^{t}D\theta=\alpha {}^{t}D\theta*+\beta 1=\alpha {}^{t}D\theta^{*}+\beta {}^{t}D\theta_{0}$
(Prob)
$\hat{\theta}=\alpha\theta*+\beta\theta_{0}+\theta \mathfrak{h}$ $(\alpha, \beta\in R)$
${}^{t}D\theta^{\mathfrak{h}}$
$=$ $0$ $(. . (q\theta \mathfrak{h})=0)$
$\alpha$ $\neq$ $0$ ( $var[\mathcal{R}^{\theta}]\neq 0$ )
\mbox{\boldmath $\tau$}
$var[{}^{t}D\theta*]\neq 0$ , $(q , \theta^{*})=\psi*\neq 0$




${}^{t}D\theta^{\mathfrak{h}}=0$ $(q\theta \mathfrak{h})=0$ $\theta \mathfrak{h}$ $\mathcal{R}^{\theta}$
(Prob) $\theta \mathfrak{h}$
$(q\hat{\theta})=1$ : $\alpha\psi^{*}+\beta\psi_{0}=1$ $(\psi_{0}=1/R^{0})$
$(q ,\hat{\theta})=1$ (Prob) $\hat{\theta}$ $\hat{\mathcal{R}}$








2 $\mathcal{R}^{\theta},\hat{\mathcal{R}}$ , $R^{0}$
3. ( $\hat{\mathcal{R}}$ ) .
$\theta 0({}^{t}D\theta_{0}=1)$ state price $\theta*$
$(q , \theta*)=\psi*\neq 0$ $var[{}^{t}D\theta*]\neq 0$ $\circ$






































$E[\mathcal{R}_{i}]-R^{0}=\hat{\beta}_{i}\{E[\hat{\mathcal{R}}]-R^{0}\}$ for $\forall \mathcal{R}$;
$\hat{\beta}_{i}=\frac{cov(\mathcal{R}_{i},\hat{\mathcal{R}})}{var[\hat{\mathcal{R}}]}$





TOPIX $\beta$ $\beta(TPX)$ NK225
$\beta(NK)$
$\hat{\theta}$
$\beta_{i}$ ( $TPX$ NK) $E[\mathcal{R}_{i}]$
corr $(\beta_{i}, E[\mathcal{R}_{i}])=1$
NK225 TOPIX




$r_{t}= \frac{H_{t+1}+P_{t+1}-P_{t}}{P_{t}}$ $(t=1,2, \cdots, T)$
$\mu$ $r_{1}$ , $r_{2},$ $\cdots$ , $r_{T}$ $i$ $r_{i}=$
$(r_{1}^{i}, r_{2}^{i}, \cdots, r_{T}^{i})$
$\mu_{i}$ $a\{=T^{-1/2}(r;-\mu_{i}1)$ $i$
$j$ $\sigma;j$ $a$ $i$ $a$ $j$
$C$ a 1, $a$ 2, , $a$ $N$ Gram
$C$
$a_{1},$ $a_{2},$ $\cdots$ , $a$ $N$ 1 $a$ $i$ 1
rank $C \leqq\min\{N, T-1\}$






2,3,4,5 TOPIX NK225 100 \beta i
$E[\mathcal{R}_{i}]$ .
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$|_{\llcorner}’\prime H_{\backslash }\ovalbox{\tt\small REJECT}$
$\beta$








4: NK225: $\beta$ . 91 7
$H_{\backslash }\prime J\iota\ovalbox{\tt\small REJECT}\llcorner$
$\beta$
5: NK225: $\beta$ :91 12
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1: $\beta$
$\beta$ 91 7 (9103–9107) TOPIX NK225
2,4










[1] D.Duffie Dynamic Asset Pricing Theory, Princeton Univ.Press, 1992, Princeton,
New Jersey
[2] ( 1 ), Discussion Paper Series,
ERSS No.93-4 1993
[3] J.E.Ingersoll,Jr Thery of Financial Decision Making, Rowman&Littlefield, 1987,
[4] . . , 1992
[5] . State price $\beta$ ) Black , Discussion Paper
Series, ERSS No.93-5, to appear
[6] , , 1991
